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Abstract. Numerical simulations are carried on to study the fluid-dynamical features of a
smooth duct with aspect ratio of 10. The duct is operated with an incompressible, newtonian
fluid, whose Reynolds number, computed over the hydraulic diameter and bulk velocity, ranges
from 470 to 14500, encompassing laminar and turbulent flow. To capture the details of all
the flow scales, Direct Numerical Simulations are performed, by means of a code developed
at Politecnico di Milano. The adopted code is a finite-difference, structured grid solver, that
includes a mass flow rate correction. The latter guarantees high accuracy in the calculation
of unsteady flows, or during the transition to turbulent regime, and it allows to check the
consistency of numerical results.

Both global parameters –including the friction factor and the identification of the laminar-to-
turbulent transition and local flow features, e.g., corner vortexes, are investigated and presented
in this work. Preliminary analyses agree fairly well with literature data and with experimental
results obtained at ThermALab of Politecnico di Milano.

The final goal of this work, including a deep integration between the numerical and the
experimental setup, is to carry on detailed investigations of the fluid-dynamical and thermal
characteristics of ribbed ducts, in the perspective of heat transfer enhancement and pressure
drop reduction.

1. Introduction
As it is well known, the main factor for the enhancement of convective heat transfer is the flow
Reynolds number, which represents the influence of turbulence [1]. Unfortunately, a study of
the latter still represents a difficult task, due to the phenomena complexity. For this reason,
numerical studies represent an interesting tool for the investigation of fluid-dynamical details
[2–6]. The flow in a rectangular duct with smooth walls and an Aspect Ratio (AR) of 1 : 10
is investigated by means of Direct Numerical Simulations (DNS). To limit the computational
cost of the simulations, the Reynolds number is limited to 14500, which has not been deeply
investigated yet, aiming at providing a first assessment on the flow details.

In most scientific studies, some assumptions are adopted, to reduce the computational burden
in case of numerical studies, the complexity of the equations for theoretical approaches, or the
facility size for experimental works. In particular, in the first two approaches the flow is often
assumed to be fully-developed, to neglect the modeling of the laminar-turbulent transition, if
any, and to reduce the computational domain size. This hypothesis is often reasonable, as
the length of several experimental facilities or industrial components allows to neglect inlet
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effects [6, 7]. Moreover, in several works, the flow is also assumed to be homogeneous in the
spanwise direction, i.e. statistically two-dimensional. This feature is very useful especially when
numerical investigations are carried out, as it allows to overcome the difficulties of imposing exact
boundary conditions on lateral walls [8] and to adopt more efficient and accurate computational
techniques, e.g. spectral methods [3,6]. For a long time, it has been considered possible to apply
the two-dimensional hypothesis also to duct flows with a moderate aspect ratio [9–11], but more
recent studies have demonstrated that non-negligible three-dimensional effects arise for aspect
ratios up to 24, at least [12–15]. For this reason, special care must be adopted when comparing
numerical, experimental and theoretical results, to make sure to be comparing data obtained in
similar operating conditions.

This work stems from the need to support experimental results obtained during a long-term
campaign carried out at the ThermALab of Energy Department of Politecnico di Milano, on
the enhancement of heat transfer in forced convection of air flows through rectangular channels
by means of square ribs in a large variety of geometrical configurations. The ribs are adopted
to promote turbulence, by inducing secondary flows of the second type [16, 17] as well as by
destabilizing the boundary layer growth. The program goal is to find optimal rib configurations,
associated to the best compromise between heat transfer enhancement and pressure drop penalty.

2. Numerical simulations setup
2.1. Numerical model
The investigated duct features are summarized in table 1. All data refer to the experimental
apparatus of ThermALab, that was investigated in previous works and that is used as benchmark
for the presented numerical results. The experimental facility necessarily includes an inlet part,
where the flow is not developed. For this reason the length of the fully-developed flow region
(1000 mm) is lower than the overall duct length (2400 mm). In numerical simulations, only the
fully-developed flow region is considered, defined Lx.

Table 1. Main duct geometric parameters and operational conditions.

Channel half-height δ 6.0 mm
Channel length (streamwise) 2400.0 mm
Channel length (developed flow) Lx 1000.0 mm
Channel width (spanwise) Ly 120.0 mm
Hydraulic diameter, Dh 4 · (δLy/2δ+Ly) 21.82 mm
Aspect ratio AR = Ly/2δ 10

The Reynolds number ReD, defined over the hydraulic diameter Dh, the bulk velocity Ub and
the kinematic viscosity ν, ranges from 470 to 14500. The interest in the combination between
the selected combination of ReD and AR is twofold: on the first hand, it represents a little-
investigated configuration, whereas a number of industrial applications, e.g., air solar heaters
[18, 19], work in these operational conditions. On the second hand, it encompasses laminar,
transitional and turbulent flow regimes in presence of Prandtl’s secondary flows [16,17], whereas,
for a long time, three-dimensional effects have often been neglected in ducts characterized by
AR = 10.

2.2. Features of the simulations
The numerical simulations are performed by solving three-dimensional, unsteady, incompressible
[20] Navier-Stokes equations, by means of a Compact Finite Difference scheme. The adopted
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software uses a DNS (Direct Numerical Simulations) approach, and therefore there is no need
to implement, tune and set a numerical model for turbulence. The numerical equations are
made dimensionless with the duct half-height δ and the bulk velocity, and therefore, in the
following, all quantities will be expressed in terms of dimensionless values. The laboratory
duct is operated with air, but compressibility is neglected due to the very low flow velocities.
Therefore, a velocity-pressure coupling is needed, which is provided by means of the Laplace
equation solution [21]. The code was developed at Politecnico di Milano for the simulation of
channel flows, and later adapted by the authors to simulate duct flows, as well [22, 23].

Boundary conditions are of no-slip and non-penetration types on the non-homogeneous
directions, i.e., duct height y and spanwise z, resulting in zero-velocity and zero-derivative of the
pressure in the wall-normal direction [8]. To refer to fully developed flows, periodic boundary
conditions are applied to both the velocity and the pressure field in the streamwise direction
x [6, 7, 24,25].

The simulation, regardless of the flow Reynolds number, are initialized with the solution for
the laminar flow, u = (u, 0, 0), where the streamwise velocity u is known [26] and results from
the analytic solution of Navier-Stokes equations under the assumptions of uniform pressure and
zero-velocity components v and w in non-streamwise directions y and z. A random perturbation,
depending only on the time-step value, is then added during the first time steps to the laminar
solution: if the Reynolds number is sufficient, the transitions to turbulence occurs, whereas,
for low Reynolds numbers, the viscosity damps the perturbations, recasting the flow to laminar
conditions [7,27–30]. Both the node spacing and the time step are chosen in accordance to [25],
to resolve all the flow scales. The fixed grid is refined near the walls and the corners to increase
the accuracy. To assure the conservation of the mass flow rate during the initial transient, a
technique formulated for channel flow simulations [31] is adapted to compute duct flows and
implemented: this allows to both prevent non-physical oscillations and to compute the friction
factor, as duly described in [23].

Space and time discretization is performed in accordance to most literature works, e.g.,
[6, 7, 25], and it depends on the considered Reynolds number. In the most critical case, the
simulations are designed to make sure that the distance from the wall and the first node remains
below 0.1 (in viscous units), and gradually increased while moving towards the duct core. A
uniform and coarser space discretization is applied in the streamwise (homogeneous) direction.
The time step is computed to keep the CFL number below 0.5 [32]. For additional details
on the space discretization, time step setting and numerical scheme, the reader is addressed
to [6, 7, 22,23,25].

The adopted code derives from the well validated one [22, 33] dedicated to the simulation of
channel flow. To verify the capability of the code to tackle three dimensional effects, numerical
results have been compared with experimental data [23] and literature results [12–15].

3. Results
Figure 1 shows two profiles of the velocity field u component along the duct height, computed
for 1(a) Re = 2036 and 1(b) Re = 10180, depicting the typical mean laminar and turbulent
behaviours. The profiles have been obtained after a time averaging (over 60 and 1000 time
units, respectively) of instantaneous flow fields, and two space averagings, over the homogeneous
direction x and the spanwise direction z. The regularity of the profiles is an indicator of a good
choice of the total length of the simulations, in accordance also with [12]. Of course, since
laminar flows are also stationary, a shorter time is sufficient.

3.1. Instantaneous flow fields
Instantaneous velocity intensity fields

√
u2 + v2 + w2, computed at the last simulated time and

at the inlet section, are shown in figure 2, for Reynolds numbers of 2(a) 470, 2(b) 3636, 2(c)
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(a) (b)

Figure 1. Distribution along the channel height of the u velocity component, averaged along
time, x and y directions, showing high similarity with the well known profiles in channel flows
in (a) laminar (ReD = 2036) and (b) turbulent flows (ReD = 10180).

(a) ReD = 470 (b) ReD = 3636

(c) ReD = 7272 (d) ReD = 10180

Figure 2. Instantaneous velocity magnitude in a cross-stream section, at the last simulated
time for 2(a) ReD = 470, 2(b) ReD = 3636, 2(c) ReD = 7272 and 2(d) ReD = 10180. Blue and
ruby represent respectively the minimum and the maximum values (as in the following figures),
ranging from zero to approximately twice Ub, depending on the considered ReD.

7272, and 2(d) 10180. An increasing complexity of the flow field is observed, associated with
larger Reynolds numbers and, therefore, smaller scales. For the ReD = 10180 case, in particular,
according to [15], the average size of near-wall streaks is of approximately 100 wall units, on
both pairs of walls.

3.2. Detection of the transition
Figure 3, extracted from [23], depicts Fanning friction fF factors (which corresponds to one-
fourth of the well known Darcy friction factor) computed by means of DNS calculations, and
compared to experimental data. The laminar-to-turbulent regime transition is well detected, and
agrees fairly well with literature data. The discrepancies between numerical and experimental
results, in terms of both transitional Reynolds numbers and of fF value, are attributed to
two reason. On the first hand, the features of the test apparatus (described in [23]), which is
equipped with a smooth inlet diffuser, which is known to possibly trigger a late transition to
turbulence [34]. On the other hand, the location of the probes (at the centerline) which is less
sensitive than numerical techniques to three-dimensional effects on fF .

The comparison between the Fanning friction factor fF -detected transitional ReD and the
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Figure 3. DNS and experimental results
obtained at ThermALab of PoliMi for the
Fanning friction factor of a duct flow with
AR = 10 at ReD between 470 and 14500
[23].

Figure 4. Secondary-flows-induced corner
vortexes represented as vectors of time- and
streamwise-averaged velocity components v
and w.

computed flow fields (see, e.g., figure 2) shows good accordance.

3.3. Corner vortexes
Figure 4 highlights corner vortexes as vectors of components v and w in the streamline-normal
cross-section. These two velocity components represent v and w averaged with respect to x and
time, since corner vortexes cannot be observed on instantaneous flow fields, but are statistical
features only [15]. The rightmost vortex is stretched in the spanwise direction, as predicted
by [15], due to the large duct aspect ratio.

The effect of these vortexes is to convect momentum from the core to the edges of the duct
(along the corner bisectors) or, conversely, in the opposite direction (along the walls, relatively
far from the corners), as confirmed also by [35] and [36]. The contribution of corner secondary
flows to the overall momentum is not very significant in terms of numerical values, if compared
to, e.g., the streamwise component, but it strongly affects u, that is the time- and streamwise-
averaged distribution of u, locally reversing the isotech-line (u-contour) concavity with respect to
the laminar case. This effect is well visible by comparing figures 5(a) and 5(b), which represent
u for ReD = 1018 (laminar) and ReD = 7272 (turbulent), respectively, and therefore influences
the Fanning friction factor, which depends on the mean wall-normal derivatives of u [23].

3.4. Kinetic energy
The corner vortexes can be identified also by observing the kinetic energy of the mean secondary
flows, K = (v2 +w2)/2, which is depicted in figure 6 for the two turbulent flows at ReD = 3636
and ReD = 5818, respectively. Albeit the map for ReD = 5818 agrees fairly well with literature
ones (at least qualitatively, as ReD is different), an unexpected peak is observed at the duct
half-height, near the side wall, for the ReD = 3636-case. This is probably due to the low value of
ReD, which does not identify fully-developed turbulent conditions, and therefore may possibly
show different flow features.

Eventually, in accordance to the procedure developed in [15], the duct is subdivided into 20
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(a) (b)

Figure 5. Map of the time- and streamwise-averaged u component, magnified in correspondence
of the corner, for (a) ReD = 1018 (laminar) and (b) ReD = 7272 (turbulent). u ranges from
zero (blue areas) to approximately 1.6 (ruby areas), depending on the considered ReD. The
difference between the regular profiles of the laminar case and the locally-reversed concavity of
the isotech lines (u contours) is evident.

(a) (b)

Figure 6. Kinetic energy of the secondary flows in the cross-stream plane, in correspondence
of the corner. Due to the symmetry (neglecting tiny fluctuations) of the mean flow, only one
corner is depicted. The Reynolds numbers are (a) 3636 and (b) 5818. K ranges from zero (blue
areas) to approximately Ub · 10−4 (ruby areas), depending on the considered ReD.

equal regions (the so-called “windows”, in [15]) in the spanwise direction, and K is evaluated
on each window separately, and averaged along z. This allows to determine to what extent the
lateral walls induce significant secondary flows, which are known to decrease in intensity while
approaching the duct centerline. For the considered AR = 10, it is known that K is different
from zero even after the flow convergence if computed within the 5δ from the lateral walls (which
is commonly assumed as the maximum extent within which side walls affect the flow), whereas
it presents a linear decay in time along the centerline, in accordance to channel flow behavior.
For this reason, the values of K on each window are shown in figure 7, concerning the case
of ReD = 4000, after an averaging over 1000 time units. The picture on the left refers to the
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window near the duct lateral wall, and the distance from the latter increases from left to right, so
that the rightmost picture concerns the duct core. According to literature [15], the mean value
over the window (red line) is between 10−6 and 10−5 in the flow core, and it increases while
approaching the walls (with a slight increase in the sixth window). Conversely, K in the first
window is larger than the one predicted by [15], even after convergence. Both discrepancies (in
the first and sixth windows) are possibly due to the low ReD, which corresponds to transitional
regime, as for figure 6(a).

Figure 7. Kinetic energy of the secondary flows in the cross-stream plane, averaged over mobile
windows, for ReD = 4000. The picture on the left refers to the window near the duct lateral
wall, and the distance from the latter increases from left to right, so that the rightmost picture
concerns the duct core.

4. Conclusions
Direct Numerical Simulations are performed to investigate the flow features in a rectangular
duct with Aspect Ratio of 10. Laminar, transitional and turbulent flow are encompassed, with
Reynolds numbers ranging from 470 to 14500.

This configuration is interesting, since duct flows in correspondence of the laminar-turbulent
transition in ducts with AR = 10 have not been widely studied yet, but represent several
industrial applications. In particular, for the considered Aspect Ratio, data agree with channel
flow results when integral parameters are considered (friction factor, transitional ReD), but
relevant differences are highlighted when the flow field is investigated, due to the presence of
Prandtl’s secondary flows of the second type.

DNS are carried out by means of a Finite-Difference solver for unsteay, incompressible, Navier-
Stokes equations on structured grids developed at Politecnico di Milano.

The preliminary results obtained during the solver validation shows good accordance with
literature data (theoretical, numerical and experimental), proving the code to be able to resolve
accurately the complex flow field. The transition is correctly identified, and the two adopted
criteria agree fairly well. Instantaneous and mean velocity fields are provided and analyzed,
highlighting the presence, the shape and the extent of corner vortexes. An interesting behaviour
is observed for Reynolds number near the transition, which should be further investigated.

Results can be extended, to provide a unique database between numerical and experimental
data. It should be indeed indicated to derive a unique procedure for the evaluation of the
Fanning friction factor. Moreover, the flow field in presence of ribs, as well as the temperature
field in correspondence of heated walls will be investigated in the future.
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